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ABSTRACT
We study the quantum corrections for the Schwarzshild black
hole by considering it as a vacuum solution of a 2D dilaton gravity
theory obtained by spherical reduction of 4D gravity coupled with
matter. We nd perturbatively the vacuum solution for the one-
loop eective action in the case of null-dust matter and in the case
of minimally coupled scalar eld. We evaluate the corresponding
quantum corrections for the temperature, the entropy and the






One of the most interesting problems in quantum gravity is the Hawking radiation
of black holes [1]. As we do not yet have a complete quantum theory of gravity, the
full description of this phenomenon is still missing. Note that the string theory has
given a microscopic explanation of this process [2]. However, a complete formalism
for calculating the large-radius backreaction eects does not exist. These efects are
described by the eective action, and in the absence of a complete formalism for
calculating the eective action, one has to resort to various approximations.
One way is to quantize the matter elds in the xed black hole background. It
is then possible to calculate the quantum corrections to the classical metrics, the
spectrum of the radiation, temperature, etc. The back-reaction of the radiation to
the metric is calculated by dening the appropriate expected value of the energy-
momentum tensor of the matter eld [3, 4] and solving the corresponding equations.
The other way is to integrate the matter eld in the functional integral and obtain the
eective action which describes the eects of the Hawking radiation to the one-loop
order. This, unfortunately, cannot be done in four dimensions because of the non-
renormalizability of gravity. However, in two dimensions gravity is renormalisable,
and this procedure can be done. Therefore if one considers the spherically symmetric
gravity with matter as a 2D eld theory, then it is possible to calculate the corre-
sponding eective action. It is plausible to assume that such an action would be
a good approximation for large radii. Recently several papers appeared on how to
calculate this eective action [5, 6, 7, 8]. All these papers gave similar results, modulo
ambiguities in coecients of certain counterterms.
Given this action, one can now start to investigate the one-loop backreaction ef-
fects. The simplest thing is to investigate the static vacuum solutions. This aprroach
has been already started in [9] where the quantum corrections to the Schwarzschild so-
lution and the corresponding thermodynamical properties were calculated. However,
in [9] only the Polyakov-Liouville-term as the one loop correction to the classical ac-
tion was used. In this paper we calculate the one-loop correction to the Schwarzschild
black-hole solution by using the complete one-loop spherical action in the limit of large
radius. We also obtain position of the horizon, temperature, energy and entropy of
the corrected solution. As we mentioned, there exists some ambiguity in the litera-
ture about the R coecient, and therefore we investigate how its value aects the
physical parameters of the solution.
The plan of the paper is the following: in Sect. 2 we briefly review the spherically
symmetric one-loop eective action and transform it to a local form. As a warm-
up excercise we consider rst a simpler model of null-dust matter in Sect. 3: its
equations of motion, perturbative solutions, corrections to the radius, temperature
and entropy of the black hole. In Sect. 4 the same is done for the scalar eld model,
and we present the results for an arbitrary R coecient. We also give a more
detailed discussion of the auxilliary elds and the boundary conditions. Appendix
A contains all relevant formulae given for the action with arbitrary R coecient.
The alternative calculation of entropy using the conical singularity method is given
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in Appendix B.
2. One-loop eective action
Spherically symmetric reduction of the Einstein-Hilbert action in 4D gives the









R+ 2(r)2 + 2e2

; (2:1)
where G;; g are the Newton constant, dilaton and two dimensional metric, respec-
tively. The 4D line element is given by
ds4
2 = gdx
dx + e−2dΩ2 (2:2)
so that r = r0e
− can be identied as the spatial radius in appropriate gauge (r0 is
an arbitrary length constant, which is needed for dimensional reasons). If one adds
N scalar elds which are minimally coupled to gravity in 4D and then performs the




















where the parameter N is introduced in order to obtain the semiclassical approxima-
tion from the large-N limit. The quantization of the matter elds in (2.3) gives the


















where c is a non-zero constant, whose numerical value depends on the quantization
procedure used. The dimensional regularization method gives c = 12 [6, 7]. Dimen-
sional regularization with a rescaled metric also gives c = 12, but after returning to
the original variables c changes to c = 14 [8]. The -function regularization gives
c = −4 [5]. It turns out that this ambiguity does not change any of our calculations
essentialy, so we will proceed with the value c = 12 and summarize the results for the
case of an arbitrary coecient in the Appendix A.
Note that one can also calculate the one-loop contributions due to all elds [8].
This calculation simplies when a rescaled metric ~g = e
g is quantised, so that
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When compared to (2.4), the last term in (2.5) is new, and it comes from the nite
parts of the graviton-dilaton loops. Since we are interested in vacuum solutions, for
which fi = 0, this dierence will not be essential. However, the f = 0 limit of (2.5)
will also produce a term proportional to
R p
−g(r)2, which is of the relevant order in
3
1=r. Since it is not clear whether the quantization of the original metric will produce
this term, in this paper we will consider only the quantum corrections given by (2.4).
In order to solve the fi = 0 equations of motion with the quantum correction
(2.4), we will transform (2.4) into a local form by introducing the auxilliary elds.













The aditional elds then satisfy the equations
2 = R ; (2:7)
and
2 = (r)2 : (2:8)
3. Spherically symmetric null-dust model
We will discuss rst the simpler model of null-dust matter in order to prepare for





















so that it diers from (2.3) by the absence of coupling between the scalar eld and
the dilaton. This model can be thought of as a large radius approximation to (2.3),
since the rescaling fi ! fi=r in (2.3) will give (3.1) plus terms of O(1=r). From that
point of view it is also interesting to see how these small perturbations will aect the
corresponding quantum vacuum solution.
The one-loop eective action for the model (3.1) has been found in [12]. The
































R− (r)2 + 2R

: (3:2)
Note that this action diers from the one used in [9] by the presence of two local


























where  = NG
24
: We are interested in the static vacuum solution, so we will take fi = 0.


















The variation of this action with respect to the elds  , r and g gives the equations
of motion:
2 = R ; (3:5)












2r2 − (rr)2 − 1) =
















T = 2rr −r r − g(2R−
1
2
(r )2) : (3:8)
From (3.6-7) we can obtain the expression for the scalar curvature:
R =




From this expression we can see that the singularity of the curvature is at r = 0,
as in the classical case. The solution of the equation (3.6) for the eld r is r = x1,
so it has the meaning of the radial coordinate, in accordance with (2.2). In [9], the
quantum correction shifts the space-time singularity to the value r2cr = 2; in our case
it stays at r = 0. This is a consequence of the fact that the quantum correction in [9]
is given by the Polyakov-Liouville term only, while in our case there are two aditional
local terms.
The classical solution (which corresponds to  = 0) of the equations of motion
(3.6-7) is





where t = x0, f0 = 1 −
2GM
r
= 1 − a
r
: We are interested in the quantum correction
of this solution which describes the semiclassical approximation. This means that we
are searching for the perturbative solution of the equations (3.5-7) by taking  as a
small parameter. By introducing the static ansatz as in [9]:
















































The integration constant C can be determined from the condition that the behaviour
of T00 at innity is thermal. This boundary condition follows from the fact that
the static solution we are constructing describes a black hole in thermal equilibrium
with the Hawking radiation (the black hole emits as much energy as it absorbs,
so that its mass does not change). Since the matter in this model behaves as a
free 2D scalar eld, we take that T00 at innity (in the zero-th order in ) has the
temperature dependence of a 1D free bose-gas (=6)T 2H , where TH is the classical
Hawking temperature 4TH =
1
a
. This is consistent with the fact that for spherical
null-dust hTuui = hTvvi = 1=48(4M)2 in the Hartle-Hawking vacuum, where u and
v are the asymptotically flat Schwarzschild coordinates [10]. This gives C2 = 1
a2
. By
integrating (3.12-13) we obtain
(r) = F (r)− F (L) ;

























where L and l are the integration constants. We have assumed that our system is in
a box of size L (a L), and that e2 = 1 as r! L: The position of the horizon can
be found perturbatively from the condition f(rh) = 0:












The Hawking temperature is also changed due to the quantum corrections. In the
case of the metric of the form (3.10), it is given by (see Appendix B)
4TH = e
f 0jr=rh ; (3:17)











The second term in (3.18) is the quantum correction of the temperature.
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In order to calculate the entropy for the quantum corrected black hole solution,
we will use the Wald technique [13]. In refs [15, 16, 17] it was shown that for a
lagrangian of the form L = L(fm;rfm; g ; R) (fm are the matter elds), the





evaluated at the horizon. Hence the evaluation of the entropy via Wald’s method
does not require the knowledge of the boundary terms, which are necessary if one
evaluates the entropy from the Euclidian action [9]. Also note that in the case of PL
term as the one-loop correction, one recovers the same entropy as the one obtained











The rst term in (3.20) is the Bekenstein-Hawking entropy, while the second term is
the quantum correction. The same result is obtained when we dene the boundary
terms for the action (3.4), and use the conical singularity method (Appendix B).
Using equations (3.18) and (3.20) and the second law of thermodynamics TdS =
dE, where the temperature is given by T = THp
−g00(L)
, for energy of the system we get
the following expression:













The results which we have obtained are qualitatively similar to those of [9]. The
dierence in the numerical coecients is due to the extra terms in the one-loop eec-
tive action. We also have a logarithmic correction to the entropy (term proportional
to logM). The main dierence is that in our model the singularity of the curvature
stays at the origin r = 0. We expect more dierences in the spherically symmetric
scalar eld model.
4. Spherically symmetric scalar eld model
We now examine the more realistic, and more complicated case of spherically
symmetric scalar eld. By adding the actions (2.3) and (2.4) and by setting fi = 0




















− 12R log r]

: (4:1)













g [2R( − 6) + (r )2
− 12(r )(r)− 12
 (rr)2
r2
− 12R log r]

: (4:2)
Varying the action (4.2) with respect to r, g ,  and  we obtain the following
equations of motion
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= 
 
g(22 − 122− 12
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The vacuum solution of the corresponding classical equations is the Schwarzschild
black hole (3.9). We will, again, solve (4.3-6) perturbatively in , starting with the
static ansatz (3.10). The equations for  and  in the zero’th order in  give








2Dr2 − 2r + a
2r(r − a)
; (4:8)
where C;D and l are integration constants.
The 00 and 11 components of the equation (4.4), to the rst order in , are
−rf 0 − f + 1 = 00 =
= 

f 0 0 − 2R− 6f 00 +
1
2








rf 0 + 20fr + f − 1 = 11 =  (−f














From (4.9-10) we easily obtain






0 ) : (4:11)

















































(r) = (F (r)− F (L)) ; (4:13)





































We have assumed that our system is in a box of size L (a L), and the integration
constant in (4.13) is chosen so that e2 = 1 as r! L: As the integration constant in
m(r) can be absorbed in denition of the mass of the black hole [3, 4], in (4.12) we
have xed it by using the previously introduced length scale l only. This completes
the rst correction of the vacuum solution.
The position of the horizon is determined from the condition f(rh) = 0. If we
take rh = a+ r1, we get













1− 6aC − a2(C2 − 12CD)
2a
log(r1)+
− 3C log l −
a(C2 − 12CD)
2
log l : (4:16)
Note that the term log(r1) which appears in this formula is divergent in the limit
 ! 0, so one should take that the corresponding coecient vanishes, 1 − 6aC −
a2(C2 − 12CD) = 0.
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Now we will calculate the Hawking temperature for the one-loop corrected geom-
























− (C2 − 12CD) +
C2 − 12CD
2
log l − F (L)
!
:(4:18)
We see that there is a nonperturbative correction proportional to the factor 1−6aC−
a2(C2 − 12CD). This nonperturbative correction is unexpected, so it is natural to
assume that
1− 6aC − a2(C2 − 12CD) = 0 : (4:19)
Moreover, the determinat of the metric tensor g = e2 is regular at the point r = a
just in the case (4.19), so we see that various regularity arguments lead to the same
relation between the constants C and D.
As we have explained in the previous section, we will use the condition of ther-
mality of the energy-momentum tensor at innity to x the integration constants
further. In this case the matter is coupled to dilaton, so it does not behave as a free
2D eld. In order to determine T we use a 4D approach [14]. The black hole emits




where  = B=2 = 
2=30h3 is the Stefan-Boltzman constant for a 4D massless scalar
eld, a = 3
p
3a=2 is the eective black hole scattering radius and 4TH = 1=a. The








T 4H : (4:21)
Since in the spherically symmetric case the 2D and 4D energy-momentum tensors are
related as
T = 4r





a2T 4H : (4:23)











By comparing (4.23) and (4.24) we get


















From these values we nally obtain for the position of the horizon and the tem-
perature
































The terms linear in  in (4.27-28) are the quantum corrections of the horizon and the
temperature of the black hole.
In the case of arbitrary coecient γ, these expressions get modied as (see the
Appendix A for details)
rh = a+ 

−




























As in the previous case, we will use Wald’s technique [13] to calculate the entropy.
















where r1 is the correction of the horizon. Note that the Euclidean method gives
the same expression for the entropy as (4.31) (see the Appendix B for details). The
rst term in (4.31) is the Bekenstein-Hawking entropy, while the second term is the
quantum correction. It is interesting that the quantum correction is proportional to
 log  instead to  (as the other quantities which we have calculated perturbatively).
The same expression is valid for the arbitrary γ case, where r1 is the term linear in 
in (4.29).
In this case, for the energy of the system we obtain































The last equality is calculated for γ = 1. In intergation we used the approximation
l a, which describes the black holes of large masses.
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Conclusions
Our results indicate that the 2D dilaton gravity model which we have discussed
is physically relevant, as it is obtained directly by path integration of the matter
degrees of freedom in spherically symmetric gravity. Therefore it is plausible that it
should describe the quantum eects in the large radius approximation (r >> lP lanck)
and in the semiclassical approximation (large-N limit) when the fluctuations of the
gravitational eld are small. This action was recently used in [11] to obtain the
quantum correction to the Schwarzschild-de Sitter solution, which represent a non-
asymptotically flat black hole. It would be interesting to see how our perturbative
analysis extends to the case of non-vacuum solutions, which are time-dependent. In
this case it would be useful to use the null-dust model as a zeroth-order approximation,
since it is exactly solvable [18].
We also succeeded to put the action in the local form, which required the in-
troduction of two auxilliary elds. Integration of the equations of motion introduces
the integration constants; the integration constants of the auxilliary elds are to be
determined from the behaviour of the momentum-energy tensor. It is interesting
to note that, if one tries to x the constants C and D of the spherical scalar eld
model naively, i.e. as in 2D, a contradictory conclusion comes out: C = 0, D = 1,
−12CD = 1. This is not a paradox, of course, as the scalar matter in this model is
not a free 2D bose gas at innity (on the contrary, it is strongly coupled to dilaton, as
r2(rfi)2). But this also shows that this model forces us to work in 4D essentially. It
would be also interesting to see whether the scalar eld expressions for the physical
parameters could be obtained via a perturbation theory from the null-dust values.
At the end of calculation our solution contains two dimensional constants: l and
L. This is the common case in the literature [9, 3, 4]: l is short-distance cut-o, of
order of the Planck length, while L describes the infrared divergencies related to the
radiated matter and is of order of the magnitude of space.
The entropy is obtained by the Wald’s technique in both cases. The same value
for the entropy is obtained from the Euclidean method. The logarithmic form of the
correction to the classical entropy is obtained, containing the cutto parameters l and
L. This also occurs in other models of quantum black holes [9, 21, 19].
By using the black hole thermodynamics laws we have also determined the energy
correction for the black hole. Our results imply that rh 6= 2GMbh in the quantum
case. It would be interesting to calculate the ADM mass of the one-loop solution and
compare it to the value obtained from the thermodynamics.
The local form (2.6) of the eective action enables one to study the quantum
corrections to the other classical solutions, too.
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Appendix A












g [2R( − 6) + (r )2
− 12(r )(r)− 12
 (rr)2
r2
− 12γR log r]

; (A:1)
where γ = c=12. In the previous analysis, γ = 1.

















































(r) = (F (r)− F (L)) ; (A:3)





































The boundary condition gives us the same values for the constants C and D, as
the leading term in T00 for r !1 does not depend on γ.
For the horizon of the black hole and the Hawking temperature we obtain






































In this appendix we will present the other derivation of the entropy of the cor-
rected Schwarzschild solution. We will calculate entropy using the conical singularity
method, developed in [9, 19, 20]. In order to dene thermodynamical properties of
the system, one considers the Euclidean theory. In that case, the free energy of the
system F is proportional to the Euclidean action. We will consider the sistem at the
arbitary temperature T = (2 )−1.
In Euclidean theory,  = it, the metric (3.10) takes the form




where  2 [0; 2 ]. If we dene  =
R drp
f(r)
, the metric (B.1) becomes
ds2 = g()d2 + d2 ; (B:2)










ef 0jr=rh. From (B.3) we see that for regular solution
 = H ,
meaning that the conical singularity in (B.3) is absent. The metric (B.2) can be
conformally related to the metric of the cone C [9, 20]:
ds2 = e(dz2 +
1
2H
z2d2) = eds2C : (B:4)
Conformal factor  and coordinate z can be found easily. The conical metrics in (B.4)
must be regularized at the tip of the cone. This is done using [20] the regular metrics










Instead of the manifoldM(C) we will consider the regularized manifold ~M( ~C):













g[2R( − 6) + (r )2−
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In the action (B.6) we added apropriate surface terms. k is the external curvature of
the boundary of the manifold. After the conformal transformation (B.4), from (B.6)














~g[ ~R ~ − 12 ~R~− 2 ~R+  ~r2 + 12( ~r)( ~r)+





















~ ~n@ ~ + (~k +
1
2
~n@)(− − 6~− 6 log r)

; (B:7)
where ~R = u
0
zu2





is the external curvature of the boundary of ~C: We now take the limit
~C ! C. After that it is easy to rewrite the efective action in terms of quantities















g[2 R(  − 6) + (r  )2−
− 12(r  )(r)− 12
 (rr)2
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(2  − 12− 12 log r)kds

+O((1− )2) ;(B:8)
where R is the regular part of curvature,  is the solution of the equation (4.5) in the










r2h − (2 h − 12h − 12 log rh)

(B:10)
up to the numerical coecient. From (4.7-8), (4.25) and (B.10) we get the expression
for the entropy which is equal to (4.31).
The similar calculation can be done for the null dust case, with the same conclu-
sion that the expression for the entropy is the same as (3.20).
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